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Abstract
Margot (1994) in his doctoral dissertation studied extended formulations
of combinatorial polytopes that arise from ”smaller” polytopes via some
composition rule. He introduced the ”projected faces property” of a polytope
and showed that this property suffices to iteratively build extended formula-
tions of composed polytopes.
For the composed polytopes, we show that an extended formulation of
the type studied in this paper is always possible only if the smaller polytopes
have the projected faces property. Therefore, this produces a characterization
of the projected faces property.
Affinely generated polyhedral relations were introduced by Kaibel and
Pashkovich (2011) to construct extended formulations for the convex hull of
the images of a point under the action of some finite group of reflections. In
this paper we prove that the projected faces property and affinely generated
polyhedral relation are equivalent conditions.
1 Introduction
Margot [8] in his doctoral dissertation studied extended formulations for combina-
torial polytopes defined on classes of graphs that are closed under some composi-
tion rule.
There are not many paradigms to construct extended formulations, see [3], [6]
for a survey. So the main purpose of this paper is to introduce, illustrate with
examples and analyze the framework constructed by Margot.
We refer the reader to [10] for polyhedral theory. Let P ⊆ Rn × Rd be a
polytope. Its projection into Rn is the polytope px(P ) := {x ∈ Rn : ∃y ∈
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Rd such that (x, y) ∈ P}, where px : Rn × Rd → Rn is the projection map into
Rn, i.e. in the x variables. Note that px(P ) = conv({px(v) : v ∈ vert(P )}),
where vert(P ) denotes the vertex set of a polytope P .
An extended formulation of a polytope P ⊆ Rn is a system of inequalities
Ax + By ≤ d that defines a polytope Q ⊆ Rn × Rd such that P = px(Q). The
polytope Q ⊆ Rn × Rd together with px : Rn × Rd → Rn is called an extension
of P . Since
max{cx : x ∈ P} = max{cx+ 0y : Ax+By ≤ d} ,
an extended formulation of small size allows to optimize a linear function over
P by solving a linear optimization problem involving a small number of linear
inequalities.
In his dissertation, Margot addresses the following problem:
Given two polytopes P1 ⊆ Rn1 × Rd1 and P2 ⊆ Rn2 × Rd2 and a
function f : Rn1 × Rn2 → Rn ∪ {∞}, provide a linear description
of the polytope P which is the convex hull of the following set of
points
(γ, x, y) ∈ Rn × Rd1 × Rd2such that (α, x) ∈ vert(P1),
(β, y) ∈ vert(P2) and γ = f(α, β) 6=∞
for some α ∈ Rn1 , β ∈ Rn2 .
(1)
A polytope P ⊆ Rn×Rd, together with the projection map px : Rn×Rd → Rn
has the PF-property (projected faces property) if every face of the polytope P is
projected to a face of the polytope px(P ). That is for every face F ⊆ Rn × Rd
of the polytope P the projection px(F ) ⊆ Rn is a face of the polytope px(P ) (see
Figure 1).
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Figure 1: The left three-dimensional polytope together with its projection on
the space defining the lower facet possesses the PF-property, the right three-
dimensional polytope with the corresponding projection does not possess the PF-
property; for example, the triangle facet above is not projected to any face of the
projection.
Let us define the following polytope
P3 := conv((γ, α, β) ∈ R
n × Rn1 × Rn2 such that
α ∈ vert(pα(P1)) , β ∈ vert(pβ(P2)) , γ = f(α, β) and γ 6=∞) .
Thus, vert(P3) represent all pairs of a vertex α ∈ vert(pα(P1)) and a vertex β ∈
vert(pβ(P2)), which are feasible for f : Rn1 × Rn2 → Rn ∪ {∞}, i.e. f(α, β) 6=
∞. Additionally, to every vertex of P3 the corresponding f(α, β) is assigned.
Margot [8] shows the following:
Theorem 1. Given systems A1(α, x) ≤ b1, A2(β, y) ≤ b2 and A3(γ, α, β) ≤ b3
defining the polytopes P1, P2 and P3 as above, let Q := {(γ, α, x, β, y) ∈ Rn ×
Rn1 × Rd1 × Rn2 × Rd2 : A1(α, x) ≤ b1, A2(β, y) ≤ b2, A3(γ, α, β) ≤ b3} and
let P be as defined in (1).
If both (P1, pα) and (P2, pβ) have the PF-property and every vertex of P3
projects into a vertex of pγ(P3), then
a) P = pγ,x,y(Q).
b) (Q, pγ,α,β) has the PF-property.
After illustrating with examples in Section 2, in Section 3 we prove our main
result, namely that the PF-property is both necessary and sufficient for Theorem 1
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to hold for every choice of function f as defined in Problem (1). In Section 4 we
prove Theorem 1 and discuss iterative use of this theorem. Finally, in Section 5 we
show that the PF-property is an alternative way to see affinely generated polyhedral
relations defined in [7].
2 Combinatorial Polytopes and PF-Property
The following examples illustrate the role of the problem (1) and the PF-property
with respect to extended formulations of combinatorial polytopes.
2.1 Parity Polytope
The parity polytope Qn is the convex hull of the n-dimensional 0, 1-points with
an even number of coordinates equal to 1. For n ≥ 4 the polytope Qn can be
described by the linear system below [5]∑
i∈S
xi −
∑
i 6∈S
i∈{1,...,n}
xi ≤ |S| − 1 for S ⊆ {1, . . . , n}, |S| odd
and 0 ≤ x ≤ 1. Furthermore, all 2n−1 + 2n inequalities in the above description
induce facets of Qn [5], thus every linear description of Qn in the initial space
involves an exponential number of inequalities. Nevertheless there is an extended
formulation for the parity polytope Qn of size 4(n− 1) [1].
Let us iteratively construct an extension for the parity polytope starting with
Q1 = {(0)} and using Theorem 1. For this let us define P1 := Qn, where P1 =
{(α, x) ∈ R× Rn−1 : (α, x) ∈ Qn} and P2 ⊆ R×R2 to be the simplex T with the
vertex set {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0)}, where P2 = {(β, y) ∈ R× R2 :
(β, y) ∈ T}, and let the function f : R× R→ R ∪ {∞} be as follows
f(α, β) :=
{
α if α = β
∞ otherwise
.
In this case, the polytope P defined in (1) equals the convex hull of the following
points
(γ, x, y) ∈ R×Rn−1 × R2
such that (α, x) ∈ vert(Qn) , (β, y) ∈ vert(T ) ,
γ = f(α, β) and γ 6=∞ for some α ∈ R, β ∈ R .
It is straightforward to see that px,y(P ) equals the parity polytope Qn+1.
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Let us check the conditions of Theorem 1 corresponding to the above polytopes
P1, P2 and the function f . The projections of Qn and T in the first variable satisfy
the PF-property. Indeed, the projections for both Qn and T form a simplex of
dimension one, namely the interval with endpoints (0) and (1). The polytope P3 is
the convex hull of two points (0, 0, 0) and (1, 1, 1), i.e.
P3 = {(γ, α, β) ∈ R× R× R : γ = α = β, 0 ≤ β ≤ 1},
and thus every vertex of P3 is projected into a vertex of pγ(P3).
Hence, all conditions of Theorem 1 hold. Thus, Q := {(γ, α, x, β, y) ∈ R ×
R×Rn−1 ×R×R2 : A1(α, x) ≤ b1, A2(β, y) ≤ b2, A3(γ, α, β) ≤ b3} together
with the projection pγ,x,y forms an extension of P ; subsequently, Q and px,y form
an extension of Qn+1. Note, that the system A1(α, x) ≤ b1 may be replaced by
an extended formulation for P1; A2(β, y) ≤ b2 is the description of the simplex
T , i.e. A2(β, y) ≤ b2 may be assumed to consist of four inequalities. Moreover,
in the definition of Q the constraints A3(γ, α, β) ≤ b3 may be replaced by the
constraint γ = α = β, since the inequalities 0 ≤ β ≤ 1 are implied by the system
A2(β, y) ≤ b2 describing the simplex T .
Hence, the polytope Q has an extended formulation with s + 4 inequalities
whenever Qn has an extended formulation with s inequalities. This fact leads to
an extended formulation for Qn+1 of size 4n, since the polytope Q1 = {(0)} can
be described by equations, i.e. does not need inequalities in its description.
2.2 Stable Set Polytope
Let us consider the stable set polytope STAB(G) for a graph G(V,E) with a cut-
set U ⊆ V . Let the graph G be decomposed via the cutset U into graphs G1(V1 ∪
U,E1), G2(V2 ∪ U,E2) and let f : R|U | × R|U | → R|U | ∪ {∞} be defined as
follows
f(α, β) :=
{
α if α = β
∞ otherwise
.
Then the stable set polytope STAB(G) of the graph G is the convex hull of the
points
(γ, x, y) ∈ R|U | × R|V1| × R|V2|
such that (α, x) ∈ vert(STAB(G1)) , (β, y) ∈ vert(STAB(G2)) ,
γ = f(α, β) and γ 6=∞ for some α ∈ R|U |, β ∈ R|U | .
The polytope STAB(G[U ]), where G[U ] is the subgraph induced by U , is the
projection of STAB(G) into the space indexed by the node set U . Since STAB(G)
is a 0, 1-polytope, the vertices of STAB(G) project onto vertices of STAB(G[U ]).
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If G[U ] is a clique, STAB(G[U ]) is the convex hull of 0 and the |U | unit
vectors in R|U |. Hence STAB(G[U ]) is a simplex, i.e. every subset of vertices
of STAB(G[U ]) is a face of STAB(G[U ]). This shows that every face of STAB(G)
projects to a face of STAB(G[U ]). Hence the polytope STAB(G) and the projec-
tion into the space indexed by the node set U have the PF-property.
For the stable set polytope, Theorem 1 implies the following result of Chva´tal [2]:
Given a graph G(V,E) and a clique cutset U decomposing G into G1 and G2 a
linear description for STAB(G) can be obtained from linear descriptions for the
polytopes STAB(G1) and STAB(G2) by associating the variables indexed by U .
Remark 2. It is not hard to prove that for an induced subgraph G′(V ′, E′) of
the graph G(V,E): the polytope STAB(G) and the projection into the space in-
dexed by the node set V ′ has the PF-property if and only if two nodes in V ′ are
adjacent whenever there is a path in G between these nodes with all inner nodes
in V \V ′. To show the ”only if” direction consider a face of the polytope STAB(G)
induced by the shortest path between arbitrary two non adjacent nodes in V ′ with
all inner nodes in V \V ′: the sum of two variables for every edge in the path
equals 1, the variables indexed by V ′ except the endpoints of the path equal 0.
In this case the defined face projects on a diagonal of a 2-dimensional face of the
polytope STAB(G′) which is a square. The other direction is implied by Theorem 1
and Proposition 7.
2.3 Travelling Salesman Polytope
Let G be a connected graph and H = δ(S), S ⊆ V be a cutset of the graph. Let
G1(V1, E1 ∪ H), G2(V2, E2 ∪ H) be obtained from G by contracting S, V \ S
respectively into a single vertex.
If the cutest H consists of at most three edges the travelling salesman poly-
tope TS(G) of the graph G is the convex hull of the points
(γ, x, y) ∈ R|H| × R|E1| × R|E2|
such that (α, x) ∈ vert(TS(G1)) , (β, y) ∈ vert(TS(G2)) ,
γ = f(α, β) and γ 6=∞ for some α ∈ R|H|, β ∈ R|H| ,
where f : R|H| × R|H| → R|H| ∪ {∞} is defined as
f(α, β) :=
{
α if α = β
∞ otherwise
.
If |H| ≤ 3, the projection of TS(G1), TS(G2) into the space indexed by the
edge set H is a simplex. Indeed, in this case every hamiltonian tour in G1, G2
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uses exactly two edges of H , and thus the projection of TS(G1), TS(G2) into the
space indexed by the edge set H is the convex hull of 0, 1-points with at most three
coordinates exactly two of which should be equal to 1.
For cutsets of at most three edges, Theorem 1 immediately leads to the formu-
lations of the travelling salesman polytope for Halin and prismatic graphs provided
in [4]
Remark 3. In all examples above, the function f : (α, β) 7→ γ was such that
γ = ∞ whenever α and β were distinct, and γ = α otherwise. However, in
the dissertation [8], Margot studied extended formulations for strongly connected
subgraphs in a series-parallel graph, where the series composition rule gives a
more complicated composition function f .
3 A Characterization of Projected Faces Property
Theorem 5 below provides a characterization of the PF-property. The ”only if”
direction was proved by Margot in his dissertation [8] and is fundamental for the
proof of Theorem 1. We prove the ”if” direction and provide a compact proof of
the other direction, the one proved by Margot.
Lemma 4. Given a polytope P ⊆ Rn × Rd and its facet F one of the following
holds:
(i) dim(px(F )) = dim(px(P ))
(ii) dim(px(F )) = dim(px(P ))− 1 and px(F ) is a facet of px(P ).
Proof. Let v be a vertex of P not lying on the facet F . The vertex v together with F
affinely generate aff(P ), in particular px(v) together with px(F ) affinely generate
aff(px(P )). Thus, dim(px(F )) = dim(px(P )) or dim(px(F )) = dim(px(P )) −
1. It remains to show that px(F ) is a face of px(P ) whenever dim(px(F )) =
dim(px(P )) − 1.
Let dim(px(F )) = dim(px(P )) − 1. Hence, there is a hyperplane H in the
affine space aff(px(P )) containing px(F ). Thus, the hyperplane p−1x (H)∩ aff(P )
is the unique hyperplane in the affine space aff(P ) containing the facet F of P .
Thus, F = p−1x (H) ∩ P implying px(F ) = H ∩ px(P ). On the other hand since
p−1x (H) ∩ aff(P ) is a facet defining hyperplane for P , the hyperplane H is a face
defining for the polytope px(P ), i.e. px(F ) = H ∩ px(P ) is a face of the polytope
px(P ).
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Theorem 5. Given a polytope P ⊆ Rn × Rd and the projection in the first n
coordinates px : Rn × Rd → Rn, the pair (P, px) has the PF-property if and only
if for every S ⊆ vert(px(P )) the following holds (see Figure 2)
conv{v ∈ vert(P ) : px(v) ∈ S} = {v ∈ P : px(v) ∈ conv(S)} , (2)
i.e. the pair (P, px) has the PF-property if and only if for every S ⊆ vert(px(P ))
p−1x (conv(S)) ∩ P = conv(p
−1
x (S) ∩ vert(P )) . (3)
Figure 2: Here, the vertices S are the marked vertices in the lower facets. On the
left, the convex hull of all vertices of the polytope P with projection in S is the
set of points in P which project into conv(S). On the right, the convex hull of all
vertices of the polytope P with projection in S is strictly contained in the set of all
points in P which project into conv(S).
Proof. Part ”only if” [8]: Let Q ⊆ Rn × Rd be the polytope
{v ∈ P : px(v) ∈ conv(S)} .
Then the inclusion conv{v ∈ vert(P ) : px(v) ∈ S} ⊆ Q is immediate. Thus,
it is enough to show that every vertex of Q is a vertex of the polytope P whose
projection is in S.
The polytope Q is the intersection of the polytope P and the polyhedron {v :
px(v) ∈ conv(S)}. Thus, every vertex v ∈ vert(Q) is induced by a face F ⊆
Rn × Rd of the polytope P and by a face F ′ ⊆ Rn of the polytope conv(S) in the
following manner
{v} = F ∩ {(x, y) ∈ Rn × Rd : x ∈ F ′} ,
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which implies
{px(v)} = px(F ∩ {(x, y) ∈ R
n × Rd : x ∈ F ′}) = px(F ) ∩ F
′ .
Since the pair (P, px) has the PF-property, px(F ) is a face of the polytope px(P ),
and thus {px(v)} = px(F ) ∩ F ′ is a face of the polytope conv(S), i.e. px(v) is a
point in S and thus a vertex of px(P ). Finally, the set {v} = F ∩ p−1x (px(v)) is
the intersection of the face F of P and the face P ∩ p−1x (px(v)) of P , i.e. {v} is a
face of the polytope P and hence v is a vertex of P .
Part ”if”: Assume for the sake of contradiction that (P, px) does not have the
PF-property and let F be an inclusion wise maximal face of P such that px(F ) is
not a face of the polytope px(P ).
Then all inclusion wise minimal faces F ′ of P , which properly contain F ,
satisfy the equation dim(px(F )) = dim(px(F ′)). Indeed, due to the inclusion
wise maximality of F the projection px(F ′) is a face of px(P ). The projection
px(F ) is not a face of px(F ′) since otherwise px(F ) is also a face of px(P ). By
Lemma 4, applied to the polytope F ′ and its facet F , we obtain that dim(px(F )) =
dim(px(F
′)). Moreover, since the faces F ′ all together affinely span aff(P ) and
for all F ′ holds the equation dim(px(F )) = dim(px(F ′)), we obtain
px(aff(P )) = px(aff(∪F ′F
′)) = aff(∪F ′px(F
′)) = aff(px(F )) .
Hence, dim(px(F )) = dim(px(P )). Therefore vert(px(F )) contains a set W ,
such that every point in px(P ) has a unique representation as an affine combination
of points in W . Let w be a vertex of px(P ), which is not in px(F ). By Radon’s
Theorem [9], the set of points W ∪ {w} can be partitioned in two sets W1 ⊆ W
and W2 such that there is a point u which lies in conv(W1) ∩ conv(W2). But this
contradicts the statement (2) for the set S = W2 since
u ∈ px({v ∈ P : px(v) ∈ conv(S)} ∩ F ) and
u 6∈ px(conv{v ∈ vert(P ) : px(v) ∈ S} ∩ F ) =
px(conv{v ∈ vert(F ) : px(v) ∈ S}) .
To finish the proof it is enough to notice that W2 is a subset of vert(px(P )). Indeed
every vertex of the polytope P is projected to a vertex of the polytope px(P ),
otherwise we would be able to choose S equal to vert(px(P )), which leads to
conv{v ∈ vert(P ) : px(v) ∈ S} ( P = {v ∈ P : px(v) ∈ conv(S)} .
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4 Linear Descriptions based on the Projected Faces Prop-
erty
Here we prove Theorem 1, the main result in Margot’s dissertation [8].
Lemma 6. [8] The PF-property is compatible with the cartesian product op-
eration, i.e. if a pair (P1, pα) has the PF-property and a pair (P2, pβ) has the
PF-property then the pair (P1 × P2, pα,β) has the PF-property.
Proof. Indeed, every face F of P1 × P2 may be written as F1 × F2, where F1 is a
face of P1 and F2 is a face of P2. Due to the PF-property of (P1, pα) and (P2, pβ),
the projection pα,β(F1 × F2) = pα(F1) × pβ(F2) is the cartesion product of a
face of pα(P1) and a face of pβ(P2), i.e. pα,β(F ) = pα,β(F1 × F2) is a face of
pα(P1)× pβ(P2) = pα,β(P1 × P2).
Proposition 7. [8] If a pair (P, px) has the PF-property then for every S ⊆
vert(px(P )) the pair
(P ∩ p−1x (conv(S)), px)
has the PF-property.
Proof. Indeed, every face of the polytope P ∩ p−1x (conv(S)) is induced by a
face F ⊆ Rn × Rd of the polytope P and by a face F ′ ⊆ Rn of the poly-
tope conv(S) in the following manner
F ∩ {(x, y) ∈ Rn × Rd : x ∈ F ′} ,
and thus its projection equals px(F ) ∩ F ′. Due to the PF-property px(F ) is a face
of the polytope px(P ), and thus px(F ) ∩ F ′ is a face of conv(S), i.e. is a face of
the polytope px(P ∩ p−1x (conv(S))).
Now let us prove Theorem 1.
Proof. From Lemma 6 applied to (P1, pα), (P2, pβ) and (pγ(P3), pγ) it follows
that the polytope
pγ(P3)× P1 × P2 = {(γ, α, x, β, y) ∈ R
n × Rn1 ×Rd1 × Rn2 × Rd2 :
A1(α, x) ≤ b1, A2(β, y) ≤ b2, γ ∈ pγ(P3)}
together with the projection pγ,α,β has the PF-property.
Let S be defined as the following set of points
(γ, α, β) ∈ Rn × Rn1 × Rn2 such that
α ∈ vert(pα(P1)) , β ∈ vert(pβ(P2)) , γ = f(α, β) and γ 6=∞ .
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Since S = vert(P3) and every vertex of the polytope P3 is projected to a vertex of
the polytope pγ(P3) via the map pγ , we obtain S ⊆ vert(pγ(P3))×vert(pα(P1))×
vert(pβ(P2)). Hence S ⊆ vert(pγ,α,β(pγ(P3)× P1 × P2)).
From Theorem 5 applied to the pair (pγ(P3)× P1 × P2, pγ,α,β) and the vertex
set S it follows that the polytope
{(γ, α, x, β, y) ∈ Rn × Rn1 × Rd1 × Rn2 × Rd2 :
A1(α, x) ≤ b1, A2(β, y) ≤ b2, γ ∈ pγ(P3), A3(γ, α, β) ≤ b3}
together with the projection map pγ,x,y provides an extended formulation of the
polytope P . To finish the proof note that the condition γ ∈ pγ(P3) is implied by
the system A3(γ, α, β) ≤ b3, and thus the obtained extension of the polytope P is
formed by the polytope Q together with the projection map pγ,x,y, which shows (a).
On the other side from Proposition 7 applied to (pγ(P3) × P1 × P2, pγ,α,β) and
the above set S we may conclude that the pair (Q, pγ,α,β) has the PF-property
showing (b).
In order to use this idea iteratively, we would need to show that every time The-
orem 1 is applied the pairs (P1, pα), (P2, pβ) have the PF-property. To guarantee
that these pairs have the PF-property, we may consider the simplest case, i.e. the
case when the polytopes pα(P1), pβ(P2) are simplices and every vertex of P1 and
P2 is projected to a vertex of pα(P1) and pβ(P2), respectively. Actually, in the
dissertation Margot restricted his attention to these cases.
Remark 8. One may conjecture that a pair (P, px) has the PF-property if and only
if every vertex of the polytope P is projected to a vertex of the polytope px(P ) and
every facet of the polytope P is projected to a face of the polytope px(P ), i.e. it
is enough that every facet and every vertex of the polytope P projects to a face
of px(P ).
It is easy to see that this conjecture is true for all polytopes P of dimension at
most three. However, this conjecture is not true in general: given a number k and a
(k+1)-neighborly polytope P ′ ⊆ Rn (which is not a simplex) let the polytope P be
a simplex with (k+1)| vert(P ′)| vertices such that the polytope P ′ is the projection
of P in the last n coordinates and for each vertex of P ′ there are exactly k +
1 vertices of P projected to it. Then the pair (P, px) does not possess the PF-
property, but every face of dimension or of co-dimension at most k is projected to
a face of the polytope px(P ) (the projection of the faces of co-dimension at most k
is equal px(P ) and the faces of dimension at most k contain at most k+1 vertices
and thus are projected to faces of the polytope px(P )).
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5 Affinely Generated Polyhedral Relations
Let P ⊆ Rn ×Rd be a polytope and px : Rn ×Rd → Rn be the projection map in
the first n coordinates. The polytope P is called a polyhedral relation of type (n, d)
generated by affine maps ρ1, . . . , ρt : Rn → Rd if for every point x ∈ px(P )
P ∩ p−1x (x) = conv{(x, ρj(x)) : 1 ≤ j ≤ t} . (4)
For example consider
P ∗ := {(x, y) ∈ R× R2 : x− y1 − y2 ≤ 0,
y1 + y2 + x ≤ 2, y1 − y2 − x ≤ 0, y2 − y1 − x ≤ 0} .
It is not hard to see that px(P ∗) = [0, 1] and that the polytope P ∗ is a polyhedral
relation of type (1, 2), which is affinely generated by ρ1 : x 7→ (x, 0), ρ2 : x 7→
(0, x), ρ3 : x 7→ (1− x, 1) and ρ4 : x 7→ (1, 1 − x).
Polyhedral relations were introduced in [7] as a paradigm to construct extended
formulations. We illustrate it with the parity polytope from Section 2. To construct
an extended formulation of the parity polytope Qn let us define
Q∗n := {(x, y, z) ∈ R× R
2 × Rn−2 : (x, z) ∈ Qn−1, (x, y) ∈ P
∗} ,
then due to the fact that P ∗ is a polyhedral relation, which is affinely generated by
the maps ρ1, ρ2, ρ3 and ρ4, we obtain
Q∗n := conv{(x, y, z) ∈ R×R
2 × Rn−2 : (x, z) ∈ vert(Qn−1),
y ∈ conv(ρ1(x), ρ2(x), ρ3(x), ρ4(x))} .
The last equation leads to the fact that py,z(Q∗n) equals Qn. Applying this itera-
tively, we obtain the extended formulation from Section 2 for the polytope Qn of
size 4(n − 1), since the condition (x, z) ∈ Qn−1 for every n ≥ 2 in the definition
of the polytope Q∗n can be reformulated through the polytope Q∗n−1 and for n = 1
the polytope Qn ⊆ R consists of a single point (0).
For a detailed discussion on polyhedral relations we refer the reader to the
paper [7].
Theorem 9. For a polytope P ⊆ Rn×Rd and the projection px : Rn×Rd → Rn
the pair (P, px) has the PF-property if and only if the polytope P is an affinely
generated polyhedral relation of type (n, d).
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Proof. Part ”only if”: Consider a point x in the relative interior of px(P ). For
every vertex v of the fiber P ∩ p−1x (x) there is a face F of the polytope P such
that v = F ∩ p−1x (x). Let us prove dim(F ) = dim(px(P )). From the equa-
tions dim(F ) = dim(F ∩ p−1x (x)) + dim(px(F )) and dim(F ∩ p−1x (x)) = 0
follows that dim(F ) is at most dim(px(P )). Moreover, the projection px(F ) of
the face F equals the polytope px(P ), since the pair (P, px) has the PF-property
and the point x lies in the relative interior of the polytope px(P ). Let us consider
dim(px(P ))-dimensional faces Fi ⊆ Rn × Rd, 1 ≤ i ≤ t of the polytope P ,
which are projected to px(P ). The projection px defines an affine isomorphism
between a face Fi, 1 ≤ i ≤ t and the polytope px(P ). Let us represent the in-
verse map to this isomorphism in the following form (id, ρi) : Rn → Rn × Rd,
where id : Rn → Rn denotes the identity map and ρi is an affine map. Hence every
vertex v of the fiber P ∩ p−1x (x) equals (x, ρi(x)) for some i, 1 ≤ i ≤ t. Now it is
straightforward to see that for the point x the equation (4) holds.
Now let us consider a point x ∈ px(P ), which is not in the relative interior
of the polytope px(P ). If there is a point v in the fiber P ∩ p−1x (x), which does
not lie in conv{(x, ρi(x)) : 1 ≤ i ≤ t}, then from the continuity reasons there is
a point x′ in the relative interior of px(P ) and a point v′ ∈ P ∩ p−1x (x′), such
that v′ does not lie in conv{(x′, ρi(x′)) : 1 ≤ i ≤ t}, which contradicts the result
of the discussion above. Finally, since the point (x, ρi(x)) lies in P ∩ p−1x (x) for
every 1 ≤ i ≤ t, the equation (4) holds also for all points x outside the relative
interior of the polytope px(P ). Thus the polytope P is a polyhedral relation of
type (n, d), which is affinely generated by maps ρ1, . . . , ρt : Rn → Rd.
Part ”if”: Since P is a polyhedral relation of type (n, d) generated by affine
maps ρ1, . . . , ρt : Rn → Rd, then for every S ⊆ vert(px(P )) the following
equation holds
conv{v ∈ vert(P ) : px(v) ∈ S} = conv{v ∈ P : px(v) ∈ S} =
conv{(x, ρj(x)) : x ∈ S, 1 ≤ j ≤ t} =
conv{(x, ρj(x)) : x ∈ conv(S), 1 ≤ j ≤ t} =
conv{v ∈ P : px(v) ∈ conv(S)} .
Thus the statement follows from Theorem 5.
The ”only if” part of the Theorem 9 follows from the characterization of the
affinely generated polyhedral relations in [7]. The above ”only if” part of the proof
is a variant of the proof for this characterization in [7]. Additionally, from the proof
of the ”only if” part in Theorem 9 we obtain also the next observation.
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Observation 10. For every pair (P, px) with the PF-property the number of facets
of the polytope px(P ) is bounded from above by the number of facets of the poly-
tope P .
Proof. It is enough to notice that there exists a face of the polytope P , which is
affinely isomorphic to the polytope px(P ).
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